The symmetry group of a given differential equation is the group of transformations that translate the solutions of the equation into solutions. If the infinitesimal generators of symmetry groups of systems of partial differential equations are known, the symmetry group can be used to explicitly find particular types of solutions that are invariant with respect to the symmetry group of the system. The class of invariant solutions includes exact solutions that have direct mathematical or physical meaning. In this paper, using the well-known infinitesimal generators of some symmetry groups of the two-dimensional heat conduction equation, solutions are found that are invariant with respect to these groups. It is considered cases when conductivity coefficients of the two-dimensional heat conduction equation are power functions of temperature and conductivity coefficients are exponential functions of temperature. In first case invariant solutions contain well known self-similar solutions which are widely used in applications.
Introduction
Let us be given a differential equation of order m (1) and for g G ∈ such that g f  , is defined, then the function u g f =   , is also a solution of the Equation (1) . One of the advantages of knowing the symmetry group of differential equations is that if we know the solution ( ) u f x = , then according to the definition of symmetry group the function u g f =   is also a solution for any element g groups G, so that we have the opportunity to build a whole family of solutions, exposing the known solution to the action of all possible elements of the group.
Group analysis methods are widely used for the study of partial differential equations and for the integration of ordinary differential equations. The papers [1] [2] [3] [4] deal with the integration of ordinary differential equations and linear differential equations in partial derivatives, based on known infinitesimal symmetries.
Numerous studies have been devoted to finding symmetry groups of differential equations and their applications for research. The work [5] has developed a computational method that explicitly defines the full symmetry group of an arbitrary partial differential equation. In the paper [6] there are considered problems of group classification of differential equations and their solutions. Examples of the application of group analysis techniques to specific systems of differential equations are given. In the paper [7] it was found the Lie algebra of infinitesimal generators of the symmetry group for the two-dimensional and three-dimensional heat equation. The Lie algebra of infinitesimal generators of the symmetry group for the one-dimensional heat equation was used in [8] .
Using of infinitely generators of some symmetry groups allows us to consider ordinary differential equations instead of partial differential equations. If we choose suitable invariant functions, in a fairly large class of cases, these ordinary differential equations are integrated into quadratures or solutions of differential equations are expressed by well-known functions. The solutions obtained include exact solutions that have direct mathematical or physical meaning.
We present methods for obtaining invariant solutions that describe the process of heat distribution fairly well using well-known infinitesimal generators of symmetry groups. Some invariant solutions of the two-dimensional heat conduction equation are found in the paper [7] when conductivity coefficients are with power functions with a negative exponent. We consider the case when conductivity coefficients are power functions with a positive exponent and exponential functions of temperature.
Conductivity Coefficients Are Power Functions of Temperature
Let us consider the two-dimensional heat equation 
Studies show that the thermal conductivity coefficients ( ) ( ) 1 2 , k u k u in a fairly wide range of parameters can be described by a power function of temperature, i.e. it has the form ( )
Consider the case
In this case, Equation (3) has the following form:
( )
-the gradient of the function u.
As shown in [7] , the following vector fields are infinitesimal generators of the symmetry group for Equation (4):
The flows of the vector fields 1 2 , X X generate the following transformation groups, respectively ( ) ( )
We find solutions of Equation (4) that are invariant with respect to transformation groups (6), (7) . To do this, we first find the invariant functions of these transformations.
It is known that Using this criterion, we find that the functions ( ) ( )
are invariant functions of the transformation group (6), (7) , which follows from the following equalities ( )
These invariant functions allow us to search solution of Equation (4) in the
Substituting in (4) for the function ( ) V ξ we obtain the fol-Journal of Applied Mathematics and Physics lowing second-order differential equation:
In the general case for any σ Equation (10) In the case of 2 σ = , we obtain the following equation
In Equation (11) introducing a new function ( ) z ξ by means of the equality
we obtain the following second order linear equation for ( )
In this equation making the substitution ( )
Then, making the replacement ( )
, we obtain the equation ( )
As shown in [7] , the following vector fields are infinitesimal generators of the symmetry group for Equation (15):
Using the above criterion, we find that the functions ( ) ( ) These invariants allow us to search a solution of Equation (15) in the form
Substituting function (18) in (15) for the function ( ) V ξ , we obtain the second-order differential equation, which coincides with Equation (10).
Thus, in both cases, to find solutions that are invariant with respect to transformation groups, we must investigate a second-order linear equation with respect to ( ) V ξ , which depends on σ . As shown by numerical studies, the solution of Equation (10) is limited (see Figure 1 ). Therefore, at each point of the domain of variables ( )
, x x , different from points ( ) 0, 0 , temperature function (9) increases exponentially with increasing t, that characterizes the presence of a heat source in Equation (4). In Equation (15) there is an absorption source, therefore at every point of the domain of variables ( )
, x x , other than ( ) 0, 0 , the temperature function (18) decreases exponentially as t increases.
Now consider the case when there is no heat source:
Let us show one family of invariant solutions of Equation (19), which is often used in applications. For this we use the infinitesimal symmetry of Equation (19), which is given by the following vector field .
The flow of this vector field consists of rotations around the origin of the plane ( ) where ( ) ( ) , f t g t are smooth functions.
Using these functions, we can find a large family of invariant solutions of Equation (19), relative to the groups of rotations around the origin of the plane ( )
We are looking for a solution in the form
to get self-similar solutions [9] .
Substituting (23) into Equation (19), we obtain the following relation ( ) As a result, we obtain the following differential equation for the function ( ) V ξ : 
Supplying the expression for V in (23) we obtain the following solution, which is invariant with respect to rotations around the origin of the plane ( )
If we take into account that the ( ) where do we get that ( )
In Equation (19) there is no source of absorption and no source of heat release, therefore, at each point in the domain of variables ( )
, x x the temperature function (28) decreases uniformly with increasing t.
Conductivity Coefficients Are Exponential Functions of Temperature
Now consider the case when the thermal conductivity coefficients ( ) ( ) 1 2 , k u k u are described by an exponential function of temperature, that is, they have the forms ( ) ( ) ( )
First consider the case when there is no heat source:
In this case, Equation (3) has following view:
As shown in [7] , the following vector field is infinitesimal generators of the symmetry group for Equation (31): We find solutions of Equation (31) that are invariant with respect to transformation groups (34).
To do this, we first find the invariant functions of these transformations using above criterion.
The function
, is an invariant function of the group of transformations generated by the flow of the vector field (32), which follows from the following equality ( )
The solution of Equation (31) is sought in the form
Then for the function ( ) V ξ we get the following second-order differential equation
where do we find that ( ) 1
Now consider the case when there is a source of heat. Let
As shown in [7] , the following vector field is the infinitesimal generator of the symmetry group for Equation (37):
This means that the flows of these vector fields generate a group of transformations of the space of variables ( ) 
Conclusion
Summarizing the results we can conclude that using infinitesimal generators of symmetry groups to find solutions of second-order partial differential equations, we obtain the ordinary differential equation of the second order. If this ordinary differential equation of the second integrates explicitly, we get large class invariant solutions of a given partial differential equation. Among these solutions there can be exact solutions that can be used to characterize the process that is described by this equation. It all depends on the choice of invariant functions.
Often, the obtained second-order ordinary differential equation is explicitly not integrated. In this case, we cannot find invariant solutions in explicit form, but we can characterize the behavior of solutions using numerical integration.
